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Mesh-Based Thickness and Curvature Comparisons

Introduction

The cranium of one skull and the corresponding model was separated from the rest of the skull. Both
the exterior and interior surfaces were marked with a detailed triangular grid. The grid was not reliant
on the identification of anatomical landmarks. Typically the gridlines were spaced about 5-10mm apart.

The 3D coordinates of the intersection points of the grid were then measured individually using the
N,Iicroscribe device, and the networking structure of the grid was recorded using the Amapi software.
Each cranium surface was thus defined in terms of a list of about 600 measured vertices and 1200

triangular faces.

Estimate of measurement errors

The accuracy of the device was estimated, before and after the study, using a test object and was found
to be approximately 0.28mm in agreement with the manufacturer's statement. However, an additional
source of error results from the discrete nature of the mesh, since curved surfaces are being approximated
by flat faces. It is not easy to calculate this error exactly, but it can be estimated under reasonable
assumptions, namely that:

the local curvature of the skull surface is approximately spherical;

the radius of curvature is 50mm;

the spacing between mesh vertices is 5mm.

Simple geometric construction shows that the error between a spherical surface and the straight line
connecting two vertices depends on the curvature of the surface and the spacing between the points.
(The error is maximal halfway between the vertices, and decreases sinusoidally to zero at each vertex.)
Assuming the above values results in a maximal error of about 0.25mm. Let 12 denote the error rari-
ance of points on a curved skull surface compared with the closest point on the piecewise-planar mesh,
estimated by

i2 :0.252 + 0.282 = (0.4mm)2

This error is assumed to be the same for both skull and model.

(2.1)

3 Estimating the tangent plane and normal

It is helpful to estimate the tangent plane at a given point on the surface for two reasons:

o the tangent plane defines the local surface normal vector, which is necessary for estimating the
thickness at that point;



. the tangent plane and normal provide a convenient local coordinate system for fitting a smooth
surface to the mesh and thereby estimating the local curvature.

Estimation of the tangent plane and normal proceeds in 2 stages as follows.

3.1 Identifying a neighbourhood

The choice of neighbourhood size will be a compromise between too large (where gross shape invalidates
the use of a biquadratic model) and too small (where the estimate of curvature is dominated by noise).
However, the mesh spacing also places constraints on the choice of neighbourhood. The coarseness of
the Microscribe mesh spacing suggests that nearest neighbours only should be considered. In the caseof
the laser-scanned data, a wider choice is available, although time/computational constraints may apply.

3.2 Calculating a local coordinate system

Consider an (N x 3) matrix A whose N rows are the 3-dimensional coordinates of the neighbourhood
points (measured initially in the global coordinate system and then centred). Consider the (3 x 3) matrix

x = fr{,a,.

er = I-1o,

and similarly for the matrix A of vertex points:

A{ --r-rar

(3.1)

Thenlet ji,'i= l,...,3,denotetheeigenvectorsof X,whicharetheprincipalcomponentsof A. Then
the tangent plane is spanned by the strongest 2 eigenvectors1rt,lz with the normal given by 7r. The 3

eigenvectors thus provide the axes of a local coordinate system. Let I denote the matrix, corresponding
to this ordered basis for IR3, whose columns are the basis vectors'l1t12t 73. Then any point c can be

expressed in the local coordinate system of I as ap,

(3.2)

(3.3)

Technical notes

1. The matrix f is guaranteed to be invertible since the column vectors are linearly independent.
F\rthermore, because f is orthogonal (i.e. the vectors 1r,^lz,?s ile orthonormal) the inverse can be
easily computed: I-1 = f? .

2. The Principal Component Analysis of the coordinates of the neighbourhood yields three a:<es. For a
relatively flat surface, the first two eigenvectors define the tangent plane and the third defines the surface
normal. For a steeply curving surface, however, this may not be the case. In general, the resolution of
the grid (i.e. the density of the points in each neighbourhood) should be chosen to avoid any ambiguity
in the interpretation of the eigenvectors. However, the cranium data consisted entirely of gently curving
surfaces without any sharp spikes, holes, bumps or hollows, and so this issue did not arise.

4 Estimating the thickness

Thickness is defined here as the distance from a point on the outer surface of the cranium, along the
normal to the outer surface at that point, to the intersection with the inner cranium surface. Because
of the discrete nature of the surface meshes, it is necessary to test each face of the inner surface for
intersection with the normal extended inwards from the outer surface.

For each triangular face, the intersection test can be achieved in 2 steps: (i) calculate the point of
intersection between the outer surface normal and the plane of the inner surface face; (ii) test whether



this point of intersection lies within the boundaries of the face. It is possible, though uncommon, that
the surface normal will intersect more than one face; thus the nearest intersected face is identified as the
required one. This distance is the required thickness.

5 Estimating local curvature

5.1 Fitting a quadratic function

Denote the local coordinates of each neighbourhood point by (r,y,z). Then a quadratic surface can be
expressed as

z = gtr2 * 0zy2 * \ssU + an +by * c. (5.1)

Note that, by using the tangent plane coordinate system, there are no terms strictly linear in c or y.
In addition, the modelled surface is constrained to pass through the origin (the chosen site), hence the
absence of a constant term. This is, the coefficients o, b and c are taken to be zero. The coefficients p1 ,

0z and, p3 can be estimated by linear least-squares which also provides estimates of their variance.

5.2 Calculating curvature

Define a matrix Il (known as the \Veingarten mapping) as

(5.2)

Then the dominant eigenvector d,r of B represents the direction of maximum curvature and is orthog-
onal to d,2, the direction of minimum curvature. The corresponding eigenvalues ,\1 ,,12 represent the
magnitudes of curvature of the surface. The mean curvature f/ is defined in terms of these eigenvalues,

u = ('i: {;,)

trace(B) )r * )z
"--2 2

6 Interpolating thickness and curvature

(5.3)

As a result of the preceding sections, the thickness and curvature of a cranium can be calculated at each
vertex of the mesh. In order to compare these properties between two meshes (a skull and a model)
which may be of similar size and shape but which will in general have different configurations of vertices
and faces, it is necessary to interpolate the thickness and curvature at any point on the surface mesh.
(This is so that the values at the vertices of one mesh can be compared with the closest corresponding
points on the surface of the other mesh. These closest points will not, in general, be vertices of the
second mesh.)

A convenient method for interpolating a function evaluated at the 3 vertices of a triangle uses homoge-
neous coordinates. Denote the vertex coordinates by cr, fr,2 and ca. Then any point c in the plane of
the triangle can be expressed as a Iinear combination of the vertices, with coefficients (a1,a2,a3),

o=atat*a2t2 la3a3.

The following constraints apply to (or ,a2,o,s):

ay * a2 * 03 = 1 if c lies within the plane, and

0 ( a1 , a2,a3 11 if c lies within the triangle.

The homogeneous coordinates (at,az,o3) can be calculated as follows. Let V be the 3 x 3 matrix
containing the vertices fitt&ztca as columns, and let a denote the vector of homogeneous coordinates,
o = (or, o2, a3)7. Then

fi, = Va,

3

(6.1)

(6.2)

(6.3)

(6.4)



and thus

d.: v 't.

Then, provided V is invertible, the function l@) can be interpolated from /(c1), J@2) afi l@i,

l@) = atl(rl) + a2f (r2) + CI3l(cs).

7 Thickness comparison

(6.5)

(6.6)

(7.2)

Thickness was calculated at n = 570 points on the outer surface of the skull cranium, and interpolaied
at the corresponding closest points on the outer surface of the model. It can be shown that thickness
is approximately normally distributed. Denote the skull and model thickness at point d by tf and t{ ,

respectively, i = 1,.. . ,n. Assuming equal variances for the skull and model thickness distributions, and
under the null hypothesis of equal means,

tY -tf - N(0,1). (7.1)

Then a paired t-test (two-tailed) can be applied by calculating the thickness difference d; = tY - t? ,

i = 1,. . . ,fl, with sample mean J and sample variance s2. Under the null hypothesis that the mean
difference is zero, the test statistic ? given by

r:+. T-t,,-t.
s lt/n - I'

The results are shown in Table 1. For the sample skull and model cranium, there was strong evidence

sites n I 570
Mean model thickness t-M I O.gg

Mean skull thickness t-s I S.Zl
Meandifferenced lt.Zt
Standard error in d I O.Og

Paired t-test statistic T I aZ.g
p-value I 0

tM ltsRelative thickness chanse tM /ts I 1.26

Table 1: Comparison of thickness for corresponding points on one skull and model cranium. Thicknessess
are in mm.

that the thicknesses were different. The mean model thickness was estimated as 1.21 10.06mm larger
tharr the skull (95% confidence intenal). This is equivalent to an increase of 26 t 2% of the model
thickness relative to the skull.

8 Curvature comparison

A similar procedure to Section 7 was followed to compare the curvature of one skull and model cranium.
However, the mean curvature.I/ (see Section 5.2) was calculated separately for both exterior and interior
surfaces of the cranium. As with thickness, a paired t-test was performed to study the difference between
the curvature means of the skull and model cranium, inside and outside. The results are shown in Table2.
There is strong evidence that the exterior surface of the model shows reduced curvature (-12%) compared
with the skull. However, there is no evidence that the curvature of interior surface differs between skull
and model.
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Exterior Interior
Number of sites n
Mean difference d
Standard error in d-

Paired t-test statistic ?
p-value
Relative curvature change HM lHs

576
-0.0013
0.0002

-5.5
0

0.88

536
-0.00002

0.0003
-0.1
0.95

(1.08)

Table 2: Comparison of curvature for corresponding points on one skull and model cranium.

I Conclusions

There is strong evidence that the model cranium shows an increase in thickness of about 26% compared
with the skull. (In real terms, this is equivalent to an increase of roughly 1mm over the typical cranium
thickness of 5mm.)

There is evidence that the curvature of the exterior surface of the model cranium is reduced by 12%

compared with the skull. There is no evidence that the curvature of the interior cranium surface differs
between skull and model. However, it should be noted that curvature is a scale-dependent property; the
curvature observed at the scale of the measured meshes may not be present at other scales. This appears
to be the case, for example, at the large scale of the overall skull shape where no significant difference
is observed between model and skull. These conclusions should also be regarded as tentative pending
further statistical investigation of the autocorrelations between neighbouring vertices of a mesh, and the
correlations between closest point matching of co-registered meshes.
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